The nonlinear forces generated by localized rf absorption near a resonance layer can be employed to drive flows in a tokamak plasma. The present paper extends previous work to enable i) an evaluation of localized (in radius) poloidal and toroidal forces caused by rf absorption, ii) a rigorous calculation of the resulting poloidal and toroidal flow rates in the presence of damping due to plasma viscosity and a phenomenological radial diffusion of momentum, and iii) implicit treatment of ambipolarity issues in the presence of rf-generated forces. A rigorous result for the steady state poloidal flow that results from balancing plasma viscosity with the rf forces is obtained. Numerical results are presented for the case of ion Bernstein wave (IBW) interaction within a narrow resonant ion-cyclotron layer where the wave absorption and rf forces occur. 
I. Introduction
The global response of the background plasma to applied rf may be fully characterized by the following quantities: the rf heating on each species, the three components of rf force, the driven parallel current, and the rf-induced fluxes of density and energy. These terms can be incorporated into the global equations for energy, density, poloidal and toroidal flows, Ohm's law, and the equilibrium equations for the rf-induced flux surface distortion. Heating and current drive have long been the subject of investigations and there has been some work on rf-induced fluxes. 1 Here, we deal primarily with the question of how the rf-induced forces modify the background flows.
Because sufficiently large rf-driven sheared flows can in principle suppress turbulence, 2 it has been proposed that rf power may be useful as an external control for triggering tokamak plasma transitions into high-confinement regimes. Indeed there is intriguing experimental evidence for this in ion Bernstein wave (IBW) experiments on a variety of tokamaks. [3] [4] [5] [6] [7] . Although the power was not sufficient to cause turbulence suppression in the IBW experiments on the Tokamak Fusion Test Reactor 8 (TFTR), a measurement of the driven flows was possible. Understanding these experimental results remains a challenge for theory and modeling. In addition to the practical possibility of controlling turbulence, rf waves may provide a means of doing experiments on the physics of sheared flow generation that would be of interest to the turbulence community.
There is a rapidly growing literature on the theory and computation of nonlinear rf-induced flows. [9] [10] [11] [12] [13] [14] [15] [16] [17] The present paper follows most closely as an extension of work along the lines of Refs. 11-16 which, except for Ref. 12 , treated the poloidal flows driven by ponderomotive-like forces in a slab geometry. Viscous damping of the flows was included heuristically in these calculations. The formalism for calculating the local rfinduced forces on the plasma is relatively well developed in these and other papers, [18] [19] [20] and in references within them. In the present calculations, the rf force results are employed in the form given in Ref. 11 . The goal of the present paper is to incorporate these rf calculations into a macroscopic description of a toroidal plasma. Two unique features of nonlinear rf-induced forces are that they can occur in a extremely narrow resonance layer, and that they can either input net momentum or simply redistribute momentum in a conservative way.
We do not consider the problem of rotation driven by energetic tail ions, which can absorb wave momentum and transport it by large orbit excursions and direct loss. This problem has been treated by other authors. [21] [22] [23] [24] [25] Other rf-related mechanisms have also been proposed. 26 Instead, the mechanism for rotation considered here is closely related to the local ponderomotive force of the waves, suitably generalized to include the important concept of an rf-induced pressure tensor (a kind of rf-induced gyro-viscosity) and dissipation through cyclotron and Landau damping.
In the heuristic treatments of viscous flow damping referred to above, the poloidal force F θ and flow u θ are considered to be related by
where ρ is the mass density and γ θ is a damping coefficient. Here, we work in orthogonal flux coordinates (ψ, θ, ζ) corresponding to the radial, poloidal and toroidal directions 
where Π is the viscosity tensor and other symbols (to be defined precisely later) have their usual meanings. The damping rate γ θ arises from Π, but the heuristic result does not retain any rf-driven ambipolar current J ψ or possible rf-induced poloidal variations of pressure. These objections can be circumvented by employing a proper flux surface average of the parallel component instead of the poloidal component (as will be done subsequently), but the way in which the driving term for poloidal flows is transformed from F || to F θ is important to understand.
The goal of this paper is to develop a formalism to clarify these issues and to apply the formalism to calculate the flows induced by the absorption of an IBW. The formalism will include viscous flow damping, radial diffusion, and ambipolarity considerations in the presence of rf. The latter have previously been considered for the slab geometry case by a more direct approach. 14 Some background for the treatment of the toroidal aspects of the present calculation may be found in Refs.17 and 27-29.
The plan of our paper is as follows. In Sec II we develop the basic formulation of toroidal and poloidal flows and explore several limiting cases of interest for the nonlinear rf-induces forces. The section ends with an explicit representation for the rf forces.
Sec. III gives sample numerical results for the poloidal and toroidal flows driven by an IBW that is absorbed in an ion cyclotron resonance layer. An approximate analytical scaling of the resulting flows is also obtained. A summary of our main results is given in Sec. IV.
II. Derivation

A. Toroidal formulation
We begin with the species summed momentum equation for the evolution of the background plasma
where p = n(T i +T e ) is the pressure, Π is the traceless plasma viscosity tensor (not to be confused with the rf pressure tensor 11 that contributes to F), ρ = nm i , and F is the total nonlinear force of the rf waves on the plasma (including the contributions of the rf pressure tensor and the time-averaged rf Lorentz force). The rf force F will be given explicitly in Sec. II D.
The steady state toroidal and parallel momentum equations are
where R is the major radius and axisymmetry has been employed. When a flux surface average [see Eqs. (9) and (10)] is performed on the above equations, it can be shown that many of the terms are annihilated:
where we have used 0 = ⋅ ∇ J , and note that for any quantity Q, <B∇ || Q> = 0. When only lowest order neoclassical processes are considered, we also have
where Π is a symmetric tensor. Thus, we are motivated to introduce a phenomenological diffusion of momentum to balance the force term in the toroidal equation. For the case of nonlinear rf-induced flows considered here, where the force is typically localized in a narrow rf resonant layer, we introduce a phenomenological diffusion of momentum in both the toroidal and parallel equations. This allows treatment of the case where the rf deposition layer (forcing layer) is sufficiently narrow that diffusion can dominate the viscosity in the parallel equation. As we shall see, diffusion impacts the conceptual understanding of the flow drive. The flux-surface averaged equations including diffusion are:
where J = ∂(x, y, z)/∂(ψ, θ, ζ) is the Jacobian and the flux surface average for any quantity Q is defined by
Next, we employ the flow representation in an axisymmetric torus as
This form insures several important properties of the flow, including incompressibility (which requires K to be a flux function) the absence of differential rotation within a flux surface (which requires G to be a flux function), and hence no "winding up" of the Bfield. 30 The radial force balance equation gives
This equation shows that there are three ways the rf can affect E r ∝ ∂Φ/∂ψ: (i) by the toroidal rotation it drives, i.e. through G (the relationship of G to the rf fields is given later); (ii) by the p i (ψ) heating profile; and (iii) directly through the radial ponderomotive force term F iψ . 17 Often F iψ is small compared with the other terms in the radial force balance equation, but if not, the rf can also drive flux surface distortions. 31 
B. Flows in the limit of rapidly varying K and G
Assuming the radial variation of K and G is much more rapid (i.e. on shorter scales) than B, υ and ρ, we can introduce a local radial variable x in the vicinity of the rf resonance layer with (13) and rewrite the toroidal and parallel equations as
where ′ = d/dx, and for any quantity Q, 
Although we shall omit the details, we have used the fact that in the PfirschSchlüter limit (strong collisionality)
where η 0 = 0.96 p i /ν ii is the classical parallel ion viscosity. We take the Pfirsch-Schlüter limit in this section in order to have a concrete and tractable expression that illustrates the correct properties of Π; the formulation presented here is general and not restricted to this collisional regime. The fact that only K, not G, appears on the rhs of Eq. (17) implies (as is well known) that parallel viscosity damps poloidal rotation, but not purely toroidal rotation.
Equations (14) and (15) can be solved for K and G to yield
A casual examination of Eq. (15) in the limit D → 0 might suggest that poloidal rotation (proportional to K) is driven by the parallel component of the force. However, when the D → 0 limit is taken in Eq. (18) it is evident that the toroidal force is also present, and that the combination of forces appearing on the rhs of Eq. (18) is closely related to the poloidal force (and becomes it if the flux surface averages are ignored). It will be noted that when D = 0, Eq. (14) is ill-posed when F ζ ≠ 0 unless DG′′is retained.
Thus DG′′ remains finite in Eq. (15) and cannot be neglected.
The main point here is that retaining diffusion in the parallel momentum equation is important when considering the steady state flows. In the literature, diffusion is normally retained in the toroidal equation because there is no toroidal damping of flows. It is tempting, but incorrect, to drop diffusion in the steady state parallel equation when it is smaller than the damping term. Our analysis retaining D shows that the D = 0 case is singular because then G → ∞. Furthermore, when D is retained, the poloidal flow K is seen to be driven by a combination of flux surfaced averaged forces that resembles F θ , as in the heuristic model, not F || . Evidently, the combination of terms that appears on the rhs of Eq. (18) is just what is required to account for the J ψ and ∇ || p terms in Eq. (2).
C. Flows in the circular flux surface limit
Basic equations
In this section, we return to Eqs. (7) and (8) (before the assumption of rapid variations of K and G was made) and consider the circular flux surface limit. Expanding for small ε = r/R 0 with R = R 0 (1 + ε cos θ) and working through order ε 2 we obtain 
Eqs. (20) and (21) may be combined into the form
where <RF ζ > ≡ R 0 F 0ζ , <BF || > ≡ I(ψ) F 0|| / R 0 , b θ F 0θ = F 0|| − F 0ζ and henceforth in this section we abbreviate I(ψ)/R 0 = B ζ0 ≈ B where only lowest order information is required; and we also abbreviate F 0ζ , F 0θ and F 0|| by F ζ , F θ and F || respectively.
Equations (25) and (26) are the principal results of this subsection. To make analogy with Eq. (1), we can define
Viscous damping limit: small D
We first consider the limit of small D such that D/∆ 2 << γ θ or λ << ∆, where ∆ is the characteristic radial scale length of the rf forces F θ and F || (i.e. the width of rf absorption layer) and
is the length scale at which diffusion and damping compete. In this limit the diffusion term may be neglected in Eq. (26) 
in the Pfirsch-Schlüter regime.
It is important to note that γ θ is not the rate at which an initialized flow damps in time. We can recover the standard result for the time-dependent damping rate 32 by reinstating the time derivatives and dropping the forcing terms to obtain (after some algebra)
The extra factor (1 + 2q 2 ), familiar from the MHD analysis of slowly growing modes, is an inertial term resulting from parallel flows that does not enter the steady state (forced) D = 0 results.
Diffusion limit: larger D
Typically, the rf-layer width is narrow and the calculation must be done in the diffusion limit D/∆ 2 >> γ θ . First we consider the case ∆ << λ << r a where r a is the minor radius. In this limit the poloidal flow is localized, but due to diffusion the flow layer is broader than the rf absorption layer. The analysis proceeds by approximating the localized forces by a delta-function at the rf absorption layer. The equation for K has the form
where the exact definitions of a, b, and S are evident by comparison with Eq. (26) The toroidal flow is always diffusion dominated since there is no toroidal damping in our model. Thus, the present limit leads to global toroidal flows.
Strong diffusion limit
The strong diffusion limit is defined by ∆ << λ ~ r a . In this case, both the poloidal and toroidal flows are global, and the diffusion scale includes the entire minor radius. Net momentum input ∫dx F θ and ∫dx F ζ drives net flows, but net flows are also possible with no direct rf momentum input. This fact has been noted in the context of rotation driven by energetic tail ions. 22 Here, it may be seen by considering a. "dipole" forcing term, e.g. F ζ or F θ ∝ δ′(x-x 0 ). As in Ref. 22 , the boundary conditions or some other symmetry-breaking mechanism are critical to the result. Here it could be simply different boundary conditions at r = 0 and r = r a , or different D on either side of the shear-flow layer. The latter might arise, for example, as a natural consequence of the effect of sheared flows on the turbulence.
D. Explicit representation of rf forces
To proceed further, an explicit representation of the rf forces is required. A general eikonal result has been obtained in Ref. 11 and will be summarized here. The result is valid for arbitrary electromagnetic waves in a hot plasma.
The nonlinear force density of rf waves on a fluid element is given by
where P = χ⋅ ⋅E, χ is the dielectric susceptibility tensor and Π rf is the rf pressure tensor.
The off-diagonal terms of Π rf are sufficient to describe the momentum redistribution forces due to hot plasma ion gyroradius effects. It was shown 11 that these terms can be expressed in terms of the rf-linearized distribution function f 1 
where tr is the transpose and a = Ze/m(E 1 + v×B 1 /c) is the linearized acceleration of the particles in the wave fields. Equations (38) and (39) are appropriate for studying the rfinduced flows from a full 2D toroidal wave code. Such a study will be deferred to a later paper. For present purposes, several characteristic features of rf-induced flows can be illustrated by taking the rf-fields from an appropriately rotated 1D slab model local to the rf resonance layer. The resulting forces in the flux surface for a case with rf field gradients in the x direction are
where e x = e ψ , e z = b and e y = b × e ψ .
There are two classes of terms which contribute to the forces. The terms proportional to the components of k(E*⋅ ⋅J) correspond to direct absorption of wave momentum k/ω by the plasma for each "quantum" of absorbed wave energy. The remaining terms, which are perfect derivatives in x, correspond to a conservative redistribution of momentum.
Given the field line geometry, the θ and ζ components of the force needed for the flow calculations can be determined by projection.
III. An example of IBW driven flows
The IBW-driven flows observed on TFTR 8 provide a well-diagnosed and modeled case 15, 33 on which to apply the present formalism. Here we consider an IBW incident on the ω = 5Ω T resonance, with parameters k y = 0 and k z = 5 m -1 . Since the resonance layer is narrow compared to the plasma cross-section, the wave fields are computed by a onedimensional ray tracing analysis 12 which employs the Bessel and Z-function ion response in the resonance layer. The results given here employ a simple single resonance model for a pure T plasma in the electrostatic limit for purposes of illustration. More detailed studies of this problem in a DT plasma with all the Bessel functions sums and full field polarization 15 yield an essentially similar result for the wave fields, and comparisons have shown that the eikonal and full spectral width calculations of the rf forces are equivalent for this case. 34 Figure 1 shows the electric field E x ~ 100 V/cm, Poynting flux and absorbed power for a case with total power absorption ~ 400 kW. The wave enters the figure from the right. The electric field undergoes a large number oscillations between x = 5 and 2 cm before its amplitude becomes negligible, justifying the eikonal limit. The ω = 5Ω T resonance is located at x = 0. Fig. 2b , the bipolar nature of F θ and the diffusive broadening of u θ relative to F θ . The poloidal flow is in the diffusion limit. The bipolar structure is due to the fact that k y = 0 implies no net poloidal momentum input for this case. The peak value of u θ ≈ 2 km/s (for this assumed D) is of the same order as that measured experimentally in TFTR 8 and the profile shape shows qualitative agreement with the experiment. However, we stress that no attempt at detailed modeling has been made here. While γ θ is typical of the banana regime value that is expected to apply under these conditions, the correct value for the momentum diffusion coefficient D in this experiment is not known. The calculated toroidal flow velocity profile for this example is ≈ 30 km/s at r = 0 and is approximately constant out to the resonance layer (r = 46 cm) after which it decays slowly to zero at r = r a = 100 cm, as shown in Fig. 3 . It is global, and driven primarily by the net toroidal momentum of the waves, which were taken to have an asymmetric spectrum with k z ~ 5 m -1 .
A. Numerical results
B. Analytical scaling of flows (diffusive limit)
The poloidal flow for this example is consistent with the estimate For the toroidal flow, the estimate is
where the relevant volume for global toroidal flows is now V = 2π 2 Rr 2 . This yields
with the same units as for Eq. (43) and additionally k ζ (m -1 ), the ion mass m p /m i = µ(amu) and frequency f(MHz).
IV. Summary
In this paper we have developed a formulation of rf-driven flows in toroidal geometry which implicitly includes rf ambipolarity effects. Three mechanisms have been identified by which rf affects the radial electric field E r and the flows [see Eq. (12)]: through heating (p i ), explicit momentum input or redistribution (flow drive), and nonlinear radial forces. In this paper we have concentrated on the flow drive mechanism.
It was shown that retaining diffusion in the parallel momentum equation is critical in the derivation, and results in u θ being driven by F θ [exactly in the circular plasma limit of Eq. (26) , and approximately in the general case of Eq. (18)] as expected from a heuristic treatment. In a rigorous calculation of the damping of poloidal flows by plasma viscosity in the Pfirsch-Schlüter regime, it was found that γ θ given by Eq. (29) differs by the factor (1+2q 2 ) from the damping rate that appears in the time-dependent problem. Several diffusive regimes were identified for the poloidal flows giving rise to various degrees of poloidal flow localization. Toroidal flows are always global, even though the rf-driving terms are highly localized. The main theoretical results are contained in Eqs. (18) and (19) for evaluating the flows in a narrow rf layer in general geometry, and Eqs. (25) and (26) for global or local flows in the circular flux surface limit.
In a sample numerical calculation of IBW-driven flows in a TFTR-like plasma, the flows appear to be of a significant size for this direct launch IBW case. The results appear to agree qualitatively with experimental measurements although no attempt at detailed modeling was made. Analytical expressions were obtained in Eqs. (42) - (45) which give the scaling of the expected flows driven by IBW waves in the diffusive limit.
In conclusion, this paper together with earlier work provides the theoretical tools needed to accurately compute the poloidal and toroidal flows resulting from a given rf scenario. This should be useful in planning future IBW experiments and in carrying out detailed modeling of the results. 
